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Introduction 1
The paper aims to introduce the spMC package (Sartore, 2013) (Carle, 1999) . This software is a well-established stochastic modelling tool for 10 3-D applications and also embedded in some commercial groundwater mod-11 elling software (e.g. GMS, Aquaveo, 2015) . In T-PROGS transition proba- 
Background on spatial Markov chain in geostatistics 31
The spMC package provides several functions to deal with categorical We consider the stationary transition probability between two states (or 40 categories), i and j, in two locations, s and s + h, namely
where K is the total number of states that the random variable Z can assume 42 as outcome and h is a multidimensional lag of dimension. In continuous-lag 43 formulation of a Markov chain model (Carle and Fogg, 1997 ) the transition 44 probability t ij (h) is the element in the i-th row and in the j-th column of
(1)
The transition rate matrix R h depends on the direction given by the lag h.
47
Carle and Fogg (1997) introduced an approximation of the rate matrix
48
R h by the ellipsoidal interpolation which makes the rate matrix for the di-
49
rection of h dependent on the rate matrices R e k estimated for the main axial matrix R e k can be computed as
or for the reversibility of the chain as
where e k is the mean vector of the stratum thicknesses/lengths along the di-55 rection e k , the matrix F e k denotes the transition probabilities for consecutive 56 blocks made of adjacent points with the same category, I is the identity ma-57 trix, and p is the vector of relative frequencies corresponding to the estimate 58 of the stationary distribution.
59
The rate r ij,h in the i-th row and j-th column of the matrix R h is then 60 calculated as
where r ij,h is non-positive when i = j, otherwise it is non-negative; on the entropy (Goodman, 1968) .
80
A maximum likelihood method is implemented in which we consider 81 the stratum thicknesses/lengths distributed as log-normal random variables 82 (Ritzi, 2000) . There also exist robust alternatives for estimating the mean 83 lengths which are based on the trimmed median and the trimmed average.
84
Finally, we have considered a least squares approach in which we minimize the sum of the squared discrepancies between the empirical transition probabilities and theoretical probabilities given by the model (1). Such minimization is performed under the constraints (Carle and Fogg, 1997):
where p i denotes the i-th component of the vector p.
85
In order to perform lithological simulations and predictions, an approxi-86 mation of the following conditional probability must be considered:
where s 0 denotes a simulation or prediction location, s l represents the l-th 
96
The Kriging approximations are calculated through a linear combination 97 of weights, i.e.
98
Pr Z( 
This system of equations, which can also lead to the CoKriging equations,
103
is singular. However, it can be solved through the constraints proposed by
104
Carle and Fogg (1996) .
105
In order to obviate axiomatic problems arising from the Kriging approximation, the path methods (Li, 2007; Li and Zhang, 2007 ) considered the following approximation under the assumption of conditional independence:
These methods are characterized by following a fixed or random path of 106 unknown points, which are predicted or simulated by conditioning on the of 107 the previous prediction point.
108
Other approximations were proposed in order to improve the Kriging 
.
spMC features 113
The spMC package is basically a collection of functions not implemented 114 in other software, which can be grouped according to their purposes as sum- Table 1 . Since the package was designed for intensive geostatis- CPU cores that will be used by the other functions of the spMC package.
120
Some of the functions implement descriptive geostatistical tools, which 121 are useful for a better understanding of the process and essential for the 122 parameter estimation of the model.
123
Graphical tools were developed to help the user to choose the model. along the main axis to obtain a suitable approximation. In so doing, the 283 resulting transition probabilities are more regular, as shown in Figure 3 .
284
Since the evaluation of these probabilities is computationally more efficient,
285
it is preferable to adopt theoretical probabilities calculated with interpolated 286 rates, especially when the number of points in the simulation grid is large.
287
The transition probabilities shown in the right column of graphics in Fig-288 ure 3 share some common patterns with those exposed on the left column.
289
This tool is used to study the probabilistic anisotropy along several direc- ficiently and several lithological categories can be more readily supported.
357
The results of spMC package can be visualized into R through other pack- The development of the spMC package will continue. In the future, we 
